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Abstract 

We discuss the quantum states in the moduh space, which constructed with maximally charged 
dilaton black holes. Considering the quantum mechanics in the moduli space, we obtain the 
asymptotic states for the near-coincident black holes and the widely separated black holes. We 
study the scattering process of the dilaton black holes with the asymptotic states. In the scattering 
process, the quantum effects in the black hole moduli space are investigated. 
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I. INTRODUCTION 



In general relativity, the various solutions for multi-black holes have been discussed. The 
solution describing the static maximally charged black holes, which have charge of the same 
sign, was discussed by Majumdar and Papapetrou . The multi-Schwarzschild solution 
was given by Israel and Khan P]. In the dilaton coupled Einstein-Maxwell system, the static 
multi-black hole solution was studied by Shiraishi 41. Other multi-black hole solutions had 
been stud.ed flQ. Reeent.y, tKe exaet solut.o,. of E,n.tein-M™e.> e,uat,o. tKat desenbe 
the static pairs of oppositely charged extremal black holes (black diholes) have attracted 



The s-brane solutions are given by double Wick rotating the black 



much attention 
dihole solutions 

The quantum theory of multi-black holes has been focused upon. The low-lying quantum 
states are governed by quantum mechanics in the moduli space, which is constructed with 
multi-black holes. Gibbons and Ruback studied the effective theories in moduli space of 



Reissner-Nordstrom multi-black holes 10] . The scattering in moduli space was discussed by 

nn 

Ferrell et al. I12| , where the black hole-black hole scattering and coalescence were con- 
sidered in the moduli space which is constructed with (3+1) dimensional Reissner-Nordstom 
)lack holes. The moduli space of multi-black holes with dilaton was discussed by Shiraishi 



m 



IJ]. Dilaton black holes are corresponding to the theory derived from the low energy 



string and M theory compactified down to four dimensions. Therefore, the quantum prop- 
erties of dilaton black holes have attracted much attention. 

In this paper, we consider the asymptotic states in the moduli space consisting of max- 
imally charged dilaton black holes and discuss the scattering process of the dilaton black 
holes. The scattering of maximally charged dilaton black holes was calculated with the 
WKB approximation ^ . We compare the scattering process considered from asymptotic 
states with the results of 2. In section II, we show the moduli space structure of two-black 
hole system with dilaton coupling. In section III, we consider the quantum mechanics in two 
black hole moduli space. The Schrodinger equation in the moduli space is constructed from 
the moduli space metric. From the feature of potential, we discuss the scattering process. 
In section IV, we consider the asymptotic solutions of the Schrodinger equation in two black 
hole moduli space. Then we find that the scattering processes obtained from asymptotic 
solutions are corresponding to the numerical results in 
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II. THE MODULI SPACE METRIC FOR THE SYSTEM OF MAXIMALLY 
CHARGED DILATON BLACK HOLES 



In this section, we consider the moduh space of the Einstein-Maxwell-dilaton system 
along the technique discussed by Ferrell and Eardley ^|. The Einstein-Maxwell-dilaton 
system contains a dilaton field (f) coupled to a U{1) gauge field besides the Einstein- 
Hilbert gravity. In the (3 + 1) dimensions, the action for the fields with particle sources 
is 



S 



d X- 



-9 



1671 



A=\ 



dsA 



where R is the scalar curvature and Fy,y = d^j_A^ — dyA^. dsA is the line element of the center 
of the A-ih black hole, itia and Qa are the mass and the electric charge of the A-ih black 
hole. We set the Newton constant G = 1. The dilaton coupling constant a can be assumed 



to be a positive value 



The metric for the n-body system of maximally-charged dilaton black holes has been 
known as |3| 

ds^ = -U'^{^)dt^ + (x) dx^ , (2) 

where 



f/(x) = (F(x))i/(i+'^'), 

A=l |X-Xa| 



F(X) = 1+E 



(3) 
(4) 



Using these expressions, the vector one form and dilaton configuration are written as 

' ' 1 



A 



l + a2 



1 - 



-2a4> 



(i^(x)) 



2aV(l+a^) 



(5) 
(6) 



In this solution, the asymptotic value of (p is fixed to be zero. 

The electric charge Qa of each black hole are associated with the corresponding mass itla 

by 

1 



TUa 

\Qa\ 



iT^^^' 



l + a- 



(7) 
(8) 
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These relations between mass and electric charge correspond to the condition of extremal 
black holes. In the special case of a = for = 3, this solution becomes the Papapetrou- 



Majumdar solution 



We consider that the perturbed metric and potential can be written by 

ds^ = -U-'^{^)dt^ + 2Ndxdt + f/(x)rfx2, (9) 
■4 = /^(l-f^)* + Adx. (10) 

where t/(x) and -F(x) are defined by ^ and We have only to solve linearized equations 
with perturbed sources up to 0{v) for Ni and Ai. (Here v represents the velocity of the 
black hole as a point source.) We should note that each source plays the role of a maximally 
charged dilaton black hole. 

Solving the Einstein-Maxwell equations and substituting the solutions, the perturbed 
dilaton field and sources to the action (0) with proper boundary terms, we get the effective 
action up to 0{v'^) for n-maximally charged dilaton black hole system 



A 

A,B=1 



E 



^7r(l + a2)^ 

i(r^ ■ rB)\vA - - (r^ x r^) ■ (v^ x v^) 



where = x — x^. -F(x) is defined by (jH). 

In general, a naive integration in equation (fTT|) diverges. Therefore, we regularize the 
divergent terms proportional to fd^x6^{x) /\x\^ {p > 0) which appear when the integrand is 
expanded must be regularized jl2|. We set them to zero. 

After regularization, the effective action for two body system (consisting of black holes 
labeled with a and b) can be rewritten as 



S2B = / dt-n^r^ 1 ^ + — 1 + 1 + 

J 2 n r nia V r / 



_ l + (l + a2)^ 
mf, V r / 



(12) 



where M = nia + rub, /i = niamb/M, v = — v;, and r = |xa — Xf,|. Thus the metric of the 
three dimensional moduli space for two-body system is 

9ij = 'y{r)Sij, (13) 
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with 

, , , M {3-a')M M / , (l+a2)m„\^ , ^ , (1 + 

7(r) = 1 \ IH H IH 

/i r nia \ r J rrih \ r 

The moduh space metric (jlHj) depends on the dilaton couphng. We notice that the behavior 
of the moduh metric changes at = 1/3, where the moduh space has a critical structure. 

n 

Therefore, the moduh space geometry has the various structure |13| . 




(14) 



III. QUANTUM MECHANICS IN TWO-BLACK HOLE MODULI SPACE 

We consider the quantum mechanics in the moduh space. The effective theories of quan- 
tum mechanics in moduh space of Reissner-Nordstom black holes were constructed in jl^ . 
In the case of two maximally charged black holes with dilaton, we will study the quantum 
mechanics. 

Let us introduce a wave function \E' in the moduli space, which obeys the Schrodinger 
equation: 

ih— = V^^, (15) 

where is the covariant Laplacian constructed from the moduli space metric ()13|1 . 
The partial wave in a stationary state is 

^ = Mr)YiUO, 0) exp{-tEt/h), (16) 

where Yijn{0,(f)) is the spherical harmonic function. We define the energy and variables as 

R = J ^dr, (18) 
^ = (19) 

The Schrodinger equation ()15j) is rewritten as 



dR^ 

where the potential V is represented as 



+ - V)x = 0, (20) 



y ^ 7{n'y - r{i? ^ + .21) 
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Here ' stands for ^ and / is the angular momentum. 

The variable r and R are the distance between two black holes. The origin r = of the 
moduli space represents the point that the two black holes approach to each other infinitely. 
The limit of r — > stands for the near-coincident two black holes. The limit of r — > cxd is 
corresponding to the widely separated two black holes. From the equation ()18|) . the limit of 
r — > corresponds to R ^ —oo in the case of = and 1/3. In the case of = 1, r —>■ 
becomes R 0. 

The potential ^IT\i has different forms for various values of dilaton coupling. Fig^ is 
standing the potential as the variable R for = 0, 1/3 and 1. We can find that there is the 
potential barrier in the case of = 0. When a potential barrier exists, the incoming particles 
are scattered or captured. From the equation (fTHj) . the limit of r ^ is corresponding to 
the limit of -R — > — oo. If the incoming particles through the potential barrier can approach 
to — oo infinitely, then two black holes can approach to each other. In the case of = 1, 
the potential has the infinity wall at r = {R = 0). Therefore the incoming particles are 
scattered away. In the case of = 1/3, the potential has the barrier for / = 0. For / = 0, 
the incoming particles are scattered or coalesced. For / 7^ 0, there is the finite wall. In the 
case of / 7^ 0, the incoming particles which have the higher energy than a potential barrier 
are scattered or coalesced, and the low energy particles are always scattered away. 



IV. THE ASYMPTOTIC SOLUTIONS 



In this section, we consider the asymptotic states of two black holes system. Because the 
Schrodinger equation depends on the dilaton coupling, we consider the case of each values 
of a. In the case g^= 0, the black holes are corresponding to Reisner-Nordstrom Black 



holes discussed in 
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. We consider the asymptotic solutions in the case of = 1 and 



1/3. 



A. The case of a = 1 



In the case of = 1, the moduli space metric (fT^ is given by 



7^1 + ^. (22) 
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and the variable R and potential V are written by 



R = f^Tm + 2Mln + , (23) 

V- M I ^(^ + 1) (24) 

where < i? < oo. 

In the limit of r/M —> (-R/M — > 0), and (j^^ are given by following form: 



R = V2M^, (25) 
V = + '-^. (26) 



When r/M ^ oo(i? > M), 



i? = r + 2Mln(2y^), (27) 

F = ^ + ^. (28) 

As seen in sec III, the potential has the infinite wall at i? = 0. Then, the incoming 

particles are always scattered away. The states will be the sum of incoming wave e"*''^ and 
outgoing wave e"'"*''^. For r/M —* {R/M 0), the states are given by 

X,i = ^^Hq)UER) + h{q)J^^{ER)] , (29) 

where 

n = 1 + 1/2, (30) 



E = ^q^- 1/8M2. (31) 

And the states for r/M^ oo(i? ^ M) are written by 

X,i = [a(g) Jn(gi?) + b{q)J.,,{qR)] . (32) 

The Hamiltonian (j2m) includes an inverse square interaction. In the limit of r/M 
{R/M —>■ 0), the behaviors of potential are dominated by the inverse square term. The quan- 
tum systems with inverse square interaction are discussed in When the coefficient 
of inverse square interaction is represented by C, the typical Hamiltonian H is 

C 
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This form of Hamiltonian is an unbounded differential operator defined in = [0, oo]. H 
is a symmetric operator on the domain D{H) = {0 G L'^[R'^ ,du], 0(0) = (f)'{0) = 0}. It is 
known that if for C > 3/4 is self-adjoint on the domain D{H). For -1/4 < C < 3/4, if 
is not self-adjoint on the domain D{H) but admits self-adjoint extensions, where the self- 
adjoint extensions are labeled by a f/(l) parameter e*^. Each value of parameter z defines 
the domain Dz{H). The operator H is self-adjoint in the domain Dz{H) which contains all 
the vector in D{H) and the vectors of form (f)+{u) + e*^0_(u), where 

cj>+ = VRHl'\Re'-/'), (34) 
0_ = ^H'^\Re-'^'^), (35) 



where z/ = ^1/4 + C, and if,^^'^^ are Hankel functions. If C = /(/ + 1), then v = n = 1 + 1/2. 

In the only case of / = 0, the potential ()2fi|l satisfies the condition of —1/4 < C < 3/4. 
Then, the Hamiltonian admits self-adjoint extentions. For r — > 0, 



.{R) + e"(l)4R) 



+ 



V2 r(|) V2 r(i; 



(36) 



The asymptotic states (|29p in the limit of r — are given by following form: 



^ R ajqWE bjq) 

If Xqo are the vectors on the domain Dz{H), then the coefficient of R in equation and 
pTj) must match each other. From these coefficients, we get 

b{q) Esin(f + f)- ^ ^ 

The asymptotic expansion of equation (j32j] is represented by the following form: 

1 



1 



a(g)e-^('^+5)f + 6(g)e^(-^)f 



a(g)e*('^+5)i + 6(g)e-'(''-5)i . (39) 



The S-matrix is obtained by dividing the coefficient of outgoing wave by that of the incoming 
wave. Using and (jH^ . we get the S-matrix for I = 0. 



-iE'i sinfl + ^) - Ei sin( 
"3^ 



S{q) ^ e^^^('^) = , ° ' «^ ' ^^ (40) 

zE-5sin(f + f)-E2sin(f + 1) 
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where 

(42) 

and z is the self-adjoint extention parameter. 

For / 7^ 0, the coefficient of the inverse square term satisfies C > 3/4. The Hamiltonian 
is self-adjoint in the domain D[H). In this case, the scattering states (jH^ for the region of 
M become 

Xqi = a{q)y/RJn{qR). (43) 
From the asymptotic form of ()43|) . the S-matrix is written by the following form: 

S = exp[~t'K{n+^)] = {-iy+\ (44) 



The partial cross section is 

ai = ^(2/ + 1) sin^ 5i = — (2/ + 1). (45) 

In Figini the partial cross sections for / = 10 and / = 20 are plotted. The solid lines in Fig 01 
are plotted by (flH)) and the points are the results calculated with WKB approximation (see 
jisl]). These results have the same behavior. 

The asymptotic states show the quantum states in the moduli space constructed 
with the near-coincident black holes. The bound states in the moduli space for the limit of 
near-coincident black holes are discussed in [2^. The states ^I^i include the bound states 
obtained in 



B. The case of = 1/3 



In the case of = 1/3, the moduli space metric ()14|1 becomes 



7Hl + fr. (46) 



and the variable R and potential V are given by 



4M, , 3r , 

R = rH n( ), (47) 

(4M + 3r)4 ^ (4M + 3r)2' ^ ^ 
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where — oo < i? < oo. The potential has the barrier for / = and the finite wall for 1^0. 
When r/M (i? <^ —M), (jTTj) and PH|) are given by the following form: 

AM 3r 

R = ^ln(^), (49) 
9 3R 91(1 + 1) 

and when r/M ^ cx) (i? > M), 

R = r, (51) 
V ^ (52) 

As seen in sec III, for / = or / 7^ and the higher energy than finite wall of potential, 
the incoming particles are scattered or coalesced. When R —00, the states are described 
by the only left moving wave. In the limit R —>■ +00, the states will be the sum of incoming 
wave e"*''^ and outgoing wave e'^^'^^. The low energy particles for / 7^ are always scattered 
away. Then the states will be the sum of incoming wave and outgoing wave in the limit of 
R +00. 

First, we consider the case of black holes coalesce. The asymptotic solutions of (jSDI) for 
r/M — * are written by 

C,, Hlr^ U2em , (53) 



Xgl 

= ^a/9/(/ + 1) - 16g2M2. (54) 
For r/M 00, the asymptotic solutions are given by the following form: 

X,i = qR [Hy^'h\'\qR) + S,ih'i^\qR)] . (55) 

We discuss the low energy states. In the limit of qM 0, the state are 

jS,, + Hy+'){qRy-^'^ 2\S,i - {-^r')T{l + \) 
^"'^ 2'+ir(/ + |) {qM)\R/MY^ ' ^ ' 



in the region M <^ R <^ K The states (I53|l are represented by 

X4 - g.K ^^^^^.3^/ /^exp (2exp(|^) +.(^ + 9l{l + I) ~ 1^ M^)) , (57) 



in the region — ^ ^ i? ^ —M. As the differential equation ()2Up is roughly independent of 
q in the region — - ^ i? ^ -, the dependence on q for the states and (fS^ must be 
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same. In the limit gM —* 0, we take S, 



self-consistent (see 



ql 



)'+^ + {qMf^+^Sqi, where \sqi\ < 1. This i 



IS 



Using dSni) and (j37j). 

7r2(gM)(2'+2)|ft;,|2 



\C. 



ql\ 



exp 



4e8 



(58) 



22'(r(/ + 3/2))2 

where ki is an unknown parameter. In the case of / 7^ 0, the capture coefficient ()58p 
approaches to zero quickly in the low energy limit. This means that the low energy incoming 
particles for / 7^ are scattered away, as seen in the discussion of the potential form, and 
the significant capture occurs for / = 0. So, two black holes cannot coalesce when the states 
of two-black hole system have the low energy and / 7^ 0. For / = 0, the capture coefficient is 
written by 



\C, 



7r2(gM)2|/to| 



exp 



- - 4e8 



(59) 



In FigOl the capture coefficient for / = is shown. The dashed line is given by for 
a suitable value of parameter kq. The solid line represents the capture coefficient obtained 
from the approximate potential with a 6 function (see ll|). In the low energy limit, these 
capture coefficients become like |CgoP oc (qM)^ and correspond to each other. As same as 
the case of two black holes with no dilaton coupling ^|, the behavior is different from the 
classical particle. Classically, the two black holes that approach each other with zero angular 
momentum always coalesce. In the quantum mechanics, we can expect that the black holes 
for low energy and / = scatter away. 

Next, we consider the states for I 7^ and the lower energy than finite wall of potential. 
In this case, the incoming particles are scattered away. We can consider the same way as 
the case of = 1. The potential becomes an inverse square interaction for r/M ^ 00. The 
Hamiltonian is self-adjoint in the domain D[H). In this case, the solutions are written by 
following form: 

X = a{q)^fRJn{qR). (60) 

The S-matrix and the partial cross section are also given the same way as the case of = 1. 
In FigEl the partial cross sections obtained from the asymptotic states and the results 
calculated with WKB approximation (see [l^) are plotted. These results have the same 
behavior. 
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V. CONCLUSION 



In this paper we discussed the quantum states in the moduh space which constructed 
with two maximally charged black holes with dilaton. Using the moduli space metric, we 
calculated the Schrodinger equation in the moduli space. In the limit of the near-coincident 
black holes or the widely separated black holes, we obtained the asymptotic solutions. Using 
these solutions, we discussed the black hole-black hole scattering. In the case of a? = 1, 
the incoming particles are always scattered away. The behaviors of partial cross section for 
a} = \ were similar to the results of WKB approximation discussed in 1 1511. In the case of 

= 1/3, we studied the captured coefficient. As same as the results in [ll[, the quantum 
effects for the dilaton black holes were seen in the captured coefficient for I = 0. For I ^ 0, 
the incoming particles with low energy are always scattered away. The behaviors of partial 
cross section obtained from asymptotic states were corresponding to the results with the 
WKB approximation. 

The geometries of moduli space consisting of maximally charged black holes with dilaton 
coupling were discussed in |l3|. The moduli spaces have various geometries for arbitrary 
values of dilaton coupling. The quantum effects for difference of these geometries cannot find 
in this paper. The quantum effects were studied in ^ with semi-classical approximation, 
where we found the resonance states in the scattering process for 1/3 < < 1. In this 
paper, we discussed the quantum states for = 1/3 and 1, because the moduli space metric 
becomes a simple form. For the other values of dilaton coupling, such as 1/3 < < 1, we 
would like to discuss the quantum states. In other further studies, we should consider the 
quantum states more precisely. In this paper, we considered the first order of the variable 
R and potential V in the limit. Considering the higher order, we expect that more precise 
states are obtained. 
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is related to the amount of supersymmetry preserved by the black holes. In the case of no 
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a"^ = 1, the action reduces to the one which is derived from the low-energy string therory. 
In this paper, we consider the bosonic parts. 
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FIG. 1: The potential V as the function of R for the angular momentum I = (solid), I = 1 (dashed) 
and / = 2(dotted). A for = 0, B for = 1/3 and C for = 1. 



14 



sigma 

lOOOOr 

8000 
600o[ ■. 
4000 
2000 

0.5 1 1.5 2 2.5 3 3.5 4 
A 

sigma 
10000 

8000 

6000 

4000 

2000 

0.5 1 1.5 2 2.5 3 3.5 4 ^ 
B 

FIG. 2: The partial cross section in the case of = 1. A for / = 10 and B for Z = 20. The 
soUd Hnes are given by the asymptotic states and the points are the results calculated with WKB 
approximation. 
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FIG. 3: The capture coefficient for = 1/3 and / = 0. The dashed hne is given by the asymptotic 
states in the near-coincident black holes limit R ^ —oo. The solid line is calculated with the 5 
function potential. 
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FIG. 4: The partial cross section in the case of = 1/3. A for Z = 10 and B for / = 20. The 
soUd Hnes are given by the asymptotic states and the points are the results calculated with WKB 
approximation. 
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